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Singular Solutions of Ordinary Differential Equations. 

By Henry B. Fine. 



The method best suited to a general investigation of the conditions of 
occurrence of singular solutions of differential equations and of the properties of 
these solutions would seem to be that introduced by Briot and Bouquet in their 
study of ordinary solutions, and developed very beautifully in their -memoir, 
Proprie'th des Fonctions definies par des Equations Differ entielles.* 

By this method the theory of singular solutions may be based immediately 
on the differential equation, and any use, direct or indirect, of the notion of the 
complete primitive be avoided ; it is not required to restrict the variables or 
coefficients of the equation to real values, and account may be taken of the 
region, not only of points which are ordinary points for the equation, but of such 
as are its singular points f as well. 

There are obvious objections to the use of the notion of a complete primitive 
in any investigation of singular solutions which seeks to be general or rigorous. 
In the first place it is an inversion of the natural order of investigation, since what 
is sought is the conditions which a differential equation f(x , y , p) = (or one 
of higher order) must fulfil in order that a curve not properly contained in the 
system which it defines may satisfy it ; not the characteristics of a system of 
curves defined by some equation ty(x, y, a) =0 between x, y, and a param- 
eter a. 

But in the second place, while the curve system $ (a?, y , a) = generally has 
an envelope, and therefore the differential equation F(x, y, p) = by which 

* Journal de l'Ecole Polytechnique, Cah. 36. 

t Poincare has given this name to points at which -ag is indeterminate ; in the case of the equation 
3£ — -y , for instance, to the points of intersection of JST= , Y=z . 
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it may also be defined, a singular solution — the general differential equation 
f(x, y,p) = has no singular solution — the curve system which it defines, no 
envelope. If the equation be of the n th degree, there will pass through any 
ordinary point x , y n curves which satisfy it ; but all that it gives to define each 
of these curves is a development of y in positive powers of x. The coefficients 
in any of these developments are, it is true, rational functions of cr , y and of 
one or other of the roots, p , of f(x , y , p) = , and therefore algebraic functions 
of a single parameter. But an envelope is not to be had by variation of 
this parameter; for, at the points of Disct p /(a;, y, p) = 0, the curve which, if 
any, is the envelope of the system defined by f{x, y, p) = 0, the development 
generally becomes divergent and so ceases altogether to represent a solution of 
the equation.* 

Briot and Bouquet have shown that all ordinary solutions of the equation 

f(p , y , 'x) == which pass through a given point cc , y , and have there p = p in 

common, may by suitable transformations be reduced to the form y = Vvx^; where 

V is a determinate function of v and x, and v is connected with a; by a differential 

equation of the form -r- x = q> (v , x) ., In the first of the following sections it is 

proven that if/(p, y, x) = have a singular solution and sr , y lie on it, among 
the functions V determined by the Briot-Bouquet method will be one which 
corresponds to the singular solution — but that the differential equation between v 
and x which corresponds to this value of V degenerates into the form 

dv i|/(w, cc) / x 

dx 4 1 (v , x) 

generally satisfied by ^(v, x) = only. This result brings out clearly the exact 
relation in which the singular solution stands to the differential equation itself. In 
the strict sense it is not contained in the equation any more than any arbitrary 

function ty{x, y) = is contained in the equation -4- = 7T(Z L ^J) q l'( x > V)- ^ et 

* Darboux was apparently the first to call attention to and explain the paradox involved in the old 
(Lagrange) theory of singular solutions, according to which, since every differential equation of the first 
order is to be regarded as having a complete primitive of the form <j> (x . y , a) = , and <fr {x , y , a) =. 
as generally having an envelope, the differential equation should generally have a singular solution. 
Vid. Comptes rendus, t. 70 and 71, and Memoires de l'Institut, t. XXVII. 
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it takes the place of one of the two solutions ordinarily occurring for values 
x o> 2/o> Po of x, y, p, which satisfy the two equations/= 0, ^- = 0. 

In the second and principal section of the paper, the theory developed in 
the first is extended to equations of higher orders. 

Section 3 contains a discussion of the singular solutions of those differ- 
ential equations of the n tb order whose general solution is obtainable in the 
form $(x, y, a, (3, y, . . . . v) = 0, with special reference to the geometrical 
interpretation of the equation which, algebraically speaking, contains the sin- 
gular solution. This section is added in deference to a usage which has 
become almost classical, of regarding singular solutions from the double stand- 
point of the differential equation itself and its complete primitive. The objec- 
tion to basing the general theory of singular solutions on that of systems 
of curves defined by equations of the form ty (x, y, a, (3, y, . . . . v) — has 
already been stated ; the curve system and the differential equation which repre- 
sents it may nevertheless be of sufficient interest on their own account to merit 
the space given them. <p, it should be added, is supposed to be a one-valued 
function of x, y within the region in which it is studied, and a rational function 
of n parameters a ,/?,.... v , or, more generally, of m parameters connected 
by m. — n algebraic equations. 

§1. 

Let/(», y, p) be any rational integral function of x, y and p, irreducible 
with respect to p and containing no mere x, y factor: though the discussion 
which is to follow applies as well to any function of the form/ (! p m -(-/ 1 ^) m_1 + . . ./ m , 
if f , fi , . . . . be holomorphic functions of x and y with a common region of 
convergence and x, y throughout the discussion be restricted to that region. 

The differential equation 

f(x,y,p) = (1) 

defines a system of curves, m. of which, speaking generally, pass through any 
point x , i/ , and for each of these m curves a development y — y = <p(x — x ) is 
to be had by the following method, first given by Briot and Bouquet. 

It is for the sake of convenience and definiteness of statement only that we 
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call x , y a point, for complex as well as real values of x and y are taken account 
of in the discussion. 

Let it be assumed that the coefficient of the highest power of p in /does not 
vanish for x = x , y = y : the values of p corresponding to x y and given by the 
algebraic equation f(x , y Q , p) = 0, are then all finite ; call any one of them p . 

(A method for dealing with the case when the coefficient of the highest power 
of p vanishes (which Briot and Bouquet do not consider) is given in my paper 
" On Functions defined by Differential Equations, etc.," * and is also stated in 
§2 of the present paper.) 

First of all make in /= the substitutions 

X = Xq + x' 

V = 2/o + !¥*>' + y' (2) 

P=Po+P', 

and develop by Taylor's theorem. We then have 

where p' as well as y' vanishes with a/ . 

1. Suppose (jf-) and (■*- +£>jr) to be both different from zero. 

Equation (3) then gives for p! a single development in integral powers of 
a/, y', call it <?> (a/, y 1 ) ; and the equation -£ = $ (a/, y 1 ) defines y 1 as a holo- 

morphic function of x',f which is the only solution of (3) vanishing with a/ in 
this the case of usual occurrence. 



,Le t (|)=0,but(| + 4)*0. 



In this case p is a repeated root of the equation /(x , y , p) = 0. To have 
the general case of repeated roots before us, let the multiplicity of the rootj? De 

supposed to be r ; then (|) = (§£) = . . . . = (|^) = , but (|£) * . 

* Amer. Journal XI, 4. 

t By Oauchy's theorem. Vid. Briot and Bouquet in Journ. de l'Ecole Pol. Cah. 86, and in Theorie 
des Fonc. Ellipt. p. 325. 
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The terms of lowest degree in (3) are then fJ- + ^-j x' and -r (»pJ p' r • 

Let x' = x" r . Then (3) gives r developments for p' in integral powers of x" 
and y', the first term in each development being one of the values of 

8x + dy P° \x". 

{ TWo 

\ r I dpi 

Each of these developments on being substituted for p' in the equation 

di/ r ~ l 

-~ = rx 1 ' p', gives y' as a holomorphic function of x",* developable, therefore, 

i 

in integral powers of aj' r . 

There are then in this case r solutions connected cyclicly, the lowest power 

of x 1 in each development for y' being x 1 r . Of the n distinct curves defined 
D y f( x > V> p) = f° r the region of an ordinary point x , y , r have been 
replaced by the cyclicly connected branches of a single curve on which x , y is a 
singular point of the cusp species. 

It follows immediately that 

Disctp f(x,y,p) = is in the general case a locus of cusps on the curves 
defined by the equation f(x, y,p) = 0. 

The possession of cusps is thus shown to be characteristic of the curves 
defined by the general differential equation of the first order when its degree is 
higher than 1. 

It is obvious that when the coefficients of/ are real, the curve Disctp /= 
may be used to separate between the regions of real and imaginary solutions of 
/= ; for as the point x , y crosses Disctp/= , two of the corresponding values 
of p commonly pass from real to conjugate imaginary values, or vice versa. 
Thus for the equation 

p % + a? + f — 1 = 

the circle x % + y % — 1 = divides the x, y plane into two regions, in one of 
which the solutions are always real, in the other always imaginary. 

*By Cauchy's theorem. Vid. foot-note on p. 298. 
39 
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3. Let (|) = and (| + £,) = .. 



There is generally a finite number only of such points, called by Poincar6 
the " singular points " * of the equation /= 0. 

Again to have the general case before us, suppose any additional coefficients 
of F to vanish. 

Now since as', y', p' vanish together, any solution of equation (3) may 
evidently be thrown into the form 

y'=zp/x'v, (4) 

where v is a function of a/ which takes a finite value v , different from zero 
when x' = . 

On substituting this value of y' in (3), that equation goes over into an 
equation in p', x' with coefficients which are functions of v . 

To get the terms of lowest degree in this p', x 1 equation follow the Puiseux 
method or any other method applicable to algebraic equations in two variables. 

There may be a number of groups of terms of the same degree in the 
equation, each of which gives for (i (the degree of p' in respect to x) a value 

such that the terms of the group are the lowest in the equation. 

r 
Consider any one such group, for which a = — . 

s 

Make the substitutions 

x' = x"°, p' = Vx" r , v = v + v'. (5) 

Fhas a finite value different from .zero when x" = 0; and v , the initial value of 

s — 

v, is equal to , , as may readily be seen by comparing the equations^' = TV* 

and y 1 ■=-p'x'v for x' = 0. 

The transformed equation — call it ty{x", v', V) = — then gives for V one or 
more developments in integral powers of v' and x". It is assumed that the 
equation <£> (0, 0, V) = has no multiple roots. 

Let V= a + ox" + cv 1 + .... be one of these series. 



*Vid. Poincave in Journal de Math, pure et appliquees, III, 7, 8 ; IV, 1. These singular points will 
not be confounded with the singular points of Fuchs and other writers on linear differential equations, 
the points of discontinuity of coefficients of the equation. 
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The equation connecting v' and x" is then obtained by making the substi- 
tutions (5) in the equation y' = p'x'v. It is 



M ( r+ .)w+^-,+*y|5 



n ^_ 



(6) 



X dx"~ „ , / 8 , ,\dV 

V+ ( i \-V r J5-T 

\r + s /do 
or, replacing V by the series obtained for it, 

x ui>L-_ (r + s) a a_ ^ sb 

das" (r + s)a -\- sc (r + s) a + so ~ ' 

Now this is the form to which the solutions of the equation of the first degree, 

dy Y 

if-— -y> can be reduced at points where X= F=0, the "singular points" of 

(r ~\~ sY* a 

this equation. And by the theory of these solutions * when — 7— \ — ^— L -. is 

^ J J (r + s)a + sc 

not a positive integer, equation (6) admits always of a monodrome integral 

vanishing with x" — there being besides an infinite number of non-monodrome 

integrals when the real part of this coefficient is positive, no other when it is 

negative. 

When, on the other hand, — 7— n — x-^—, — is a positive integer (6) can be 
' ' (r + s) a + so r & v / 

transformed into an equation of the form t -r. = u -\- bt -\- . . . . which has an 

infinite number of monodrome integrals when 5 = 0, and no monodrome but an 
infinite number of non-monodrome integrals when b :£ . 
Finally, if (r + s) a + sc = , (6) is of the form 

„ M_ __ a^v' + h t x" + . • . • 
dx" a-^d + b x x" + . . . . 

which in general has no monodrome integral vanishing with x". This case, it 
should be added, presents itself when -4- + ^r p vanishes for two or any finite 
number of consecutive points of Disct^y^ ; that is to say, when singular points 

*Vid. Briot and Bouquet in earlier sections of the memoir already referred to, and Poincare, 
Journal de Math., Ill, 7. 
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of the equation /= fall together. The corresponding curve-elements of 
Disctp/= satisfy the equation /= 0, but the elements which lie to either side 
of this do not satisfy this equation (vid. 4 inf.) 

To every solution of (6) there of course corresponds one solution of (3) which 

may be obtained by substituting for v' its value in the equation y 1 = TW s ' 

If, on the other hand, V Q is a multiple root of $ (0 , , V) = , the corre- 
sponding series for V obtained from $ (a/',, v', V) = may involve fractional 
powers of x" and v', and, to render these powers integral, substitutions of the 
form x" = x'" p , v' =v"' are necessary. Equation (6) is replaced by a similar 
equation between v" and x"', viz. 



3 V 

iw-' + Gt^ + ^wT 






Singular Solutions. 

4 ' ^ et eta "^ dvP = ° a * ever 7 P om t of Disctp/= 0, or if this curve be 
reducible, at every point of at least one of its branches through x , y . 

This case is altogether exceptional ; it requires the coefficients of/ to be so 

taken that the eliminant of/= 0, J- = 0, J- + J-p = with respect to any 

two of the variables x, y, p shall vanish identically. But if it occur, 

Disct p /z=z satisfies the equation f= 0. 

First suppose that the surface which the equation f(x,y,p) = defines, when 
x, y ,p are regarded as the coordinates of a point in space, has no singularity at 
the point x , y ,p . 

Since (gr j = 0, the equation of the tangent plane to the surface at this 
point is 

(I) > -*>+(!).<* -*«>= o - 

This plane cuts the xy plane in the tangent line to the projection of the 
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intersection of the surfaces /= and -4- = . The slope of this tangent line is 

(-) 

therefore — - Jy° , that is to say, p , since (J- + -*rp) = 0. 

(^)o 
Thus at each of its points Disctp/= — which is the projection of the inter- 
section of/= 0, "gr = — touches a curve of the /-system, and therefore satisfies 

the equation / = . 

Second, suppose x , y , p to be a singular point of the surface /(a;, y,p) = o. 

The substitutions (2) which transformed / into jfalso transform -4- into ^-7 and 

3/ ,3/ • f dF dF , P 

dx + TyV mt0 &? + d$P- 

Again, by virtue of the substitutions (4) and (5) we have the identity 

F&, j/ tI f)=- ZQ(xr,v>, V), 

where JTis an irrelevant factor of the form x' lP v q Y t . 

Differentiating with respect to v, Fand x 1 ' we obtain 

^Vx" = X^ + ^9, 

By*™ + dp 1 —^dV^dV 9, 
(r + s)~ Vvx" r+S ~^ r — Vx" r ~^ s —a/' 8 " 1 - X^- 4- — A- 

whence dF _ X (dq> ^ \ 

dp'~ Vx" r \dV V dv v J' ±JLl 
3F dF , X fx" d 9 , dcf> „ . r d 9 _\ , _ \ ( 7 ) 

where X x and X % are terms of the form Mp and therefore vanish with <p . 

7) W 7)W dff 

When, therefore, F, -*—, and ^— f + ^~ t p' vanish together, and that not 

merely at the point x 1 = y' = p' = , but all along a common curve through 
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that point, then along this same curve 



4> 


= 0, 




= 0, 


~s~W + dv( 1 ~ v }~ 


s OV 



In this case, among the roots, 7 = a + &#" + c^'+ • . • , of d> (xf' , «' , 7) = — 
each of which ordinarily leads, when substituted in (6), to a solution of the 
equation F=0 (see 3) — is one which gives rise to the same development for v' 

in powers of cc", whether substituted in W£- 7 — -*r v = 0, or in 

x" 3d> . 3d) . r 3d) 

Call this development ^ = 4 1 («")• I* * s > by * ne me thod of its derivation 

( from d> = and ^-w - 7" ^- » = J , the development which defines a branch 

of the curve T>isct p f= passing through the point a/ = y' =pt = . 
But it also satisfies, in the algebraic sense, the equation (6). 
For since d> = , 

£*.+£* + 1^=0, 

3d) ^d» 

whence 37 __ 9cc" 3F_ 3«' 

3^ "~~lf and W-"^" 
37 37 

So that equation (6) may be thrown into the form : 

= .<l-.)(f*r_g.) + .(g., + .g<l-.)-,&r). (8) 

For the root 7 of d> = under consideration, therefore — the root which 
gives rise to the development v' = ^ (a/') — the equation (6) is satisfied; not, how- 
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ever, as a differential equation, but through the vanishing of factors algebraic in 
a/', «', V which appear in all its terms. 

Equation (8) brings out very clearly the relation in which the discriminant 
curve stands to the differential equation, when it satisfies this equation. It is no 
more a part of the solution of the equation, strictly speaking, than the arbitrary 

function % is of the equation ir% = Q?Z • ^ e * ^ ta kes the place of one of the 

/-curves through #„, y to which the method of 3 generally leads. For to it there 
corresponds a root ( V) of ^ = , though all the roots of this equation usually 
yield proper solutions of/= 0, and the equation (6) to which this root leads has 
no other solution vanishing with a/' than v' = 4 1 {%>")• 

The discriminant curve may at particular points have contact of an order 
higher than the first with curves of the system /= 0. The corresponding V is 
then a multiple root of $ (0 , 0, V) = 0, and one is led to equations (6') between 
v" and a/" instead of equations (6) between t/ and a;". A mere repetition of the 
argument of the present section shows, however, that the v" belonging to the 
discriminant curve satisfies its equation again in the algebraic sense only. 

It is of course possible for the discriminant curve to be at the same time a 
curve of the system / = 0. V is then again a multiple root of <p (0 , 0, V) = ; 
and there will be two developments for V which, with their corresponding equa- 

r+s 

tions (6') and y' = Vvxf * , define the same curve — once as the discriminant 
curve and again as a curve of the system /= . 

To suppose of a differential equation that it is satisfied by the discriminant 
curve, or a branch of this curve, is the same thing, algebraically speaking, as to 
suppose that it has an infinite number of singular points. As was noticed at the 
end of 3, when two or more consecutive points of Disct p /= are singular points 
of/=0, the corresponding element of Disctp/= satisfies /=0, but that 
element only; if then all points of a branch of Disct p / = are singular points 
of/= , this branch must itself satisfy the equation. 

§2. 

There is no essential difficulty in extending the preceding theory to equations 
of higher orders. 

Consider the equation 

/=/«#: +/ l3/ r 1 + . . ..+/.= o, (i) 
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where f , f 1} . . . . f m are holomorphic functions of x, y, y lt . . . . y n -i within 
common regions of convergence. 

This equation defines an w-ply infinite system of curves of which there are, 
generally speaking, m for each set of values x , y , y\, . . . . y„-i of x, y, y lt . . . . 
y n -t, within the common regions of convergence of / ,/i, • • • •/»; i. e. m which 
pass through the point x , y and there have with one another contact of the 
(n — l) th order of which the elements are yl, yt, . . . . yi-i- 

The value of y n belonging to each of these rn curves is ordinarily to be 
obtained directly by solving (1) which is algebraic in y n , and a development for 
the curve itself — of y in powers of x — is then to be had by first making in (1) the 
substitutions, 

and so transforming it into an equation in x', y 1 , y[, . . . . y' n in which y 1 and all 
the. differential coefficients y[, y[, . . . . y' n vanish with x' : viz. the equation 

+ (&.« + •-<$&* + « 

and then from this equation deriving a development of y 1 in powers of x 1 by the 
method given in my paper already referred to — "On Functions defined by 
Differential Equations, etc." and also presented briefly later on in the present 
paper. 

If, however, / , the coefficient of y% in (1) vanishes, one or more of the 
values of y\ are either infinite or cannot be determined by the method just 
used. 

In this case transform (1) by the substitutions : 

Q$ — ££q -J - QC? j I 

into an equation 

<±(x', y', y' n -i,yL) — o 
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in which y', y[, . . . . y' n _ 1 vanish with x 1 ; and then, regarding ^ = as an 
equation in x 1 , y', y' n _ lf y' n , or in x', y 1 , . . . . y' n ^, -j according as f m also 

an 

does or does not vanish for x = x , y = y , . . . . y n _i = y„-i, determine the 
degree of y' in respect to a;' by the polygon construction given in the paper 
just mentioned.* 

Inasmuch as not only f but also other of the coefficients of / may vanish 

for x = x , y = y y n -\ = yl-i> the degree of ij in respect to x' — call it 

p — may admit of a number of determinations ; that is to say, it may be possible 
in a number of ways to select groups of terms in ^ = which a certain value of 
(i will render of the same degree with each other, and at the same time of lower 
degree than the remaining terms in this equation. To each of these values of ^ 
will correspond one or more of the ^-curves for which y', . . . . y' n -\ vanish with x*. 

We consider the cases (i^>n, [i = n, [i<Cn, and in each case transform 
4- = into an equation in which, as in (3), the n th differential coefficient as well 
as those of lower orders vanishes with the independent variable. 

(a) If ft>-n, y' n vanishes with x' and ^ = already has the form F=0. 
Indeed in this case since yl = , the substitution (4) is identical with the substi- 
tution (2). 

vx !n 

(b) If ft = n, set y' = — r- in the group of lowest terms in ^ which corres- 
ponds to this value of /i, and after removing the common factor x' n let x 1 = 0. 

Each root v of the resulting equation will be the y° n of one of the curves 
sought for, and for each ^ = may be transformed into the form F=z by the 
substitution 

2/'.= f°>' n + 2/'- (5) 

The substitutions (4) and (5) together constitute a substitution (2). 

(c) Finally if (U-<w, the substitution x' = x" m — where m is the first integer 

greater than will transform 1^ = into an equation in which all the differ- 
ential coefficients to the n th inclusive vanish with x". 



*I have been at pains to restate the treatment of the case/ o =:0 with some fulness, since the state- 
ment of it in my former paper is careless and in one particular incorrect {vid. Am. Journ. XI, p. 821, 
line 18 from top). 

40 
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Particular mention may be. made in passing of the ease when for x = x , 
V = Vo* • - • • > 2/»-i = yl-i, the coefficient / vanishes and that to the first degree 
in as — cc , y — y , , while f takes a value different from zero. 

As the polygon construction readily shows, the one group of lowest terms 

in 4 = then consists of the — and y' n ^ x terms, and for this group (i = n ^ . 

The theorem* immediately follows : 

The differential equation of the (n — 1}' A order, / = 0, defines a system of 
curves each of which has at every point along it a contact of order n — 1 with a 
curve of the system / = , which there has a singularity of the cusp class characterized 
by the development : 

y = y + yW + yt y\ + • • • • + 2/»-i ( n -i)\ + Adn ~" + Bdn + ••- 

In like manner if /„ and f x both vanish to the first degree in x — cc , 
y — yo, • • - ' but/ 2 does not vanish, one value of [i is n ~-; and generally, 

if/oi fi> • • • -f-i all vanish, but/ K does not, one value of [i is n — , Q . 

(It may happen that there are no curves of the system /= with the initial 
elements x , y , . . . . y"_ x . Thus no curve of the system 

a32/g=l 

passes through x = y = and there has y x = .) 

For the sake of definiteness and simplicity of statement, the discussion which 
follows will be confined to curves of the system for which /= can be trans- 
formed into the form F — ; that is, to those for which \x >• or = n. Of course 
the curves for which ji<n admit of a precisely similar treatment ; but in con- 
sequence of the substitution x = x' m the coefficients in their developments are 
differently related to the coefficients of/. 

The reduction to the form F = ft having been accomplished, the develop- 
ment for the curve— of y' in powers of x' — may be obtained as follows. 

• This theorem is also given by Goursat, this Journ. XI, 4. 
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Make in F the substitutions 



y' = 2/>i v 2 • • 



(6) 



where %, w 2 , . . . . «„ are functions of a/ which take finite values v\, v\ v^ 

different from zero when x 1 = . 

In the resulting equation, freed from any factor which may be common to all 
its terms, determine the various groups of terms of lowest order in y' n and x'. 
This is, of course, necessary only when certain of the coefficients in (3) vanish, in 
particular those of y' n and x' ; in which case more than one of the curves or curve- 
branches of the /-system may have the initial elements x , y a , ■. . . . y° n , and (3) 
must give rise to a development for each of them. 

Suppose that for any particular group of terms of lowest order the degree of 

r 
y' n in respect to x' is — ; to obtain the corresponding developments make then 

the further substitutions 

x' = x"«, y' n = Vx" r , v K = v° K + v' K (7) 

— where again V takes a finite value T different from zero when x" = 0— and 
thus transform (3) into an equation in x", v[, v' it . . . . , v' n , V; viz. 

$(»", v[, < v' n , 7) = 0. (8) 

The initial value v\ of v K may readily be shown to be — -r- — . 

From the equation <p = developments are to be obtained for Fin integral 

powers of x" and v[, v' % , . . . . v' n — one for each of the curves the degree of whose 

r 
y' n in respect to cc' is — . It is assumed that $ (0 , V) = has simple roots 

only.* 

And finally, differential equations which define the set of values of v[, 

*The extension of the entire discussion which follows to the case of multiple loots is too obvious to 
require special treatment. Vid. 81, 3;at end. 
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v», 



. . v' n which corresponds to any one of these values of V may be gotten by 
aid of (6) and (7). They are : 



x dx"L Vl dv[ + y ] +x dd ,Vl dvi 



+ . 

dV 
= — Yvi{r + e) — v 1 xf' ^, 



n dv' n d V 

+ x d^ Vi M' 



dv' % S («! 



SC 7 // — — 



«V>») 



dx>' 



»i 



„ dvl _ s(v n _ 1 — v n 

X dx"~ ~ 



*»-!*>») 



»»-i 



(9) 



If in the first of these equations there be substituted for the products 

x " J~Ti< x "'J^i> • ' • ' ^ e f unct i° ns of the w"s to which the remaining equations 
make them equal, the set is reduced to a form from which the quantities 

(flay \ /O f ij \ 
-j-jj J , ( -A, ),..... may be reckoned out by differentiating, setting x" = , and 

solving the resultant set of linear equations ; and from which the values of the 
higher differential coefficients of the v"s with respect to x" for x" = may be 
reckoned out by successive repetitions of this process. 

It will be supposed that the determinant of the coefficients in each of these 
sets of linear equations is different from zero ; or (vid. this Journ. XI, 324) that 



'3 V\ Jcs 



(r -\- 2s + h) . . . . (r + ns + k) 
(r + 2s + h) . . . . (r + ns + h) 



+ Kdv{J r + 

H-Cll).^^ ('+«• + *)• ••■(- + « + *) 
+ 



'dV\ks(r + 8)(r + 2s) (r + (n — l)s) 

r + ns 






vanishes for no positive integral value of Tc. The process then leads to deter- 
minate series with finite coefficients ; viz : 

< = (£\« + i (gy+ h c£*y+ • • • • « = ». ■ -> 
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which formally satisfy the equations (9) and converge for regions of finite 

extent. 

To obtain the development sought for — of y' in powers of x' — it then only 

I 
remains to substitute cc" — a/* and the series thus obtained for the v"s in the 

equation 

y> = VVi» 2 .... V n X ln . 

It will be holom orphic in x'. 8 and have the form 

y' = A lX ' n+ « + A 2 x ,ll+ ^ + A 3 x" i+T + 

The theory thus far developed leads directly to the following conclusions re- 
garding the curves of the /-system which have the initial elements a* , «/ > #i> . . . yl 
when for these elements /= can be transformed into F= 0. 

l.-If ( ?~) dp. 0, there is but one group of lowest terms in .F= 0, hence 

but one development for Fin powers of a/ and the variables v' t , and, therefore, 
speaking generally, but one development for y' in powers of x' ; they will be 
integral powers, of. course. In other words, there is but one curve of the system, 
defined by a differential equation /(a;, y, y x , . . . . y n ) = 0, for each set of initial 
values of the variables, unless besides the equation /= itself, these initial values 

satisfy the equation -J- = 0. 

The group of lowest terms in F = then consists of the x' term — of which 
A/ is the coefficient — and the y n n term ; or if also 

(!).=(!).=• •••£$.=•■ KID.*". 

of the x 1 term and the y'* term. 

For this group of terms the degree of y' n in respect to x' is — ; the corres- 
ponding V equation <£ = (8) has s cyclicly connected roots each of which gives 
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rise finally to a development of the form 

y'~ A l x' n+ 7+ A^ n +T+ A#!» + t+ 

In other words, s of the m curves which belong to an ordinary set of 
initial elements x , y , .... y° n __i and there have distinct y° n : a are in the present 
case replaced by s branches of a single curve which are cyclicly connected and 
have the same y° n . At least two of the m curves will be replaced in this manner 
for every set of initial elements x , y yl-i which satisfy the equation 

Disct yn f= , got by elimination of y n from between /= and ^J- — o ; that is to 

say: 

The differential equation of the (n — l) th order, Disct yn f ' = 0, defines a, system 
of curves each of which has at every one of its points a contact of order n — 1 with a 
curve of the system / = which there has a singularity of the cusp class characterized 
by the development : 



x 



y = y« + yW+ t/l-fi + ..-• + yl^i + Ax>"+t + Bx<*+ M-* .... 

For an equation of the first order, as has already been noticed, this singu- 
larity is the ordinary cusp; for the equation of the second order, it is the cusp of 
the second species (Schnabelspitze), etc. 

It need hardly be said that Disct ya f= will in general not satisfy the 
equation /= 0. 

3 -(f.). = ' A/ ' =0 - 

The method of the preceding paragraphs ordinarily gives in this case two 
developments for y 1 in integral powers of x' both of the form 

y> =z A l x' n+l + A i x' n + i + 4,a/ TC + 8 + 

developments of two curves of the system which have contact of the n th order . 
with each other. 

* This theorem is also given by Goursat, this Journ. XI, 4. 
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A full discussion of all the particular cases which suggest themselves at this 
point, however, — when other of the coefficients in F = besides those of y' n and 
x' vanish — would mean the development of the entire theory of singular points 
(in the Poincare sense) of differential equations of higher orders — which is quite 
aside from the purpose of the present paper. 

We confine ourselves to the consideration of the hypothesis that A/ 
vanishes for all values of x, y , . . . . y n which satisfy both the equations /= 

and^p- = 0, or — if Disct y „/ be resolvable into factors — for all values of x, 

y y n -\ with the corresponding y n — which satisfy the equation got by 

setting one of these factors equal to zero. 

It is of course only in connection with special equations of the « th order that 

this hypothesis is realized. Ordinarily when/= , ~r— = and A/= together, 

the initial elements x, y, . . . . y n _ 2 satisfy an equation of the (n — 2) th order 

got by eliminating y n and y n _i from between /= 0, *r~ = and A/=0; 

but when our hypothesis is realized this eliminant equation vanishes identically — 
which means, of course, that/ has a specialized form. 

In this case Discty„/ = satisfies the equation /== 0, but in such manner 
that the curve system which it defines forms no part of the system defined by 
/= 0. In other words, it is a singular solution. 

The first statement is capable of a simple geometric demonstration ; at least 
when additional coefficients of F do not vanish, viz: 

Regard x, y, .... y n as point coordinates in a flat space of n dimen- 
sions, S n . 

y n = is then the equation of a flat space of n — 1 dimensions, #„_!, con- 
tained in S n and in which x, y ?/ n -i are point coordinates. 

We thus gain two geometric pictures for the system of curves represented 
by the equation /= 0. 

1st. As a system of curves in the curved space f(x, y, . . . . y n ) = 0, one of 
which passes through each point x, y, . . . . y n of this^ space. 

2d. As a system of curves which is the projection of this first system in 
$,_i, and of which rn pass through each point x, y, . . . , y n _ x of this space. 
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Now the equation of the flat space of n — 1 dimensions tangent to /= at 

Tsf 
any point ar 0) , y° n where g— = is : 

GsB.*-- *-•> + • ■ ■ ■ (D.<» - ^ + (l> - *> = °' 

which is also the equation of the #„_ 2 in which this tangent intersects # B _i. 

But as x , y , . . . . y\ are given all values which satisfy the two equations 

/= 0, pi = 0, this S n _ % envelopes the curved space of n — 2 dimensions which 

is the picture of Disct y „/= in S n „ x . 

It follows immediately that the curves of the system Disct y „/= satisfy 

the relation (^— y n + ^— y n _ t + . . . . g- y 1+ ^) = . 

And since, by hypothesis, the curves of the system / = for whose initial 
elements x , y , . . . . ?/"_! the equation Disctj,„/= holds good, satisfy this 
same relation ; it is clear that the yl of the curve of Disct^/ = with the 

initial elements x , y y\-x is the same as the y n of a curve of /= with 

the same initial elements; or in other words, that the curves of Disct^/^ 
satisfy the equation /= 0. 

Therefore in the case now under consideration, 

The differential equation of the (n — l) th order, Disct yn /=0, represents a 
system of curves each of which has at every one of its points contact of the n th order 
with a curve of the system f = . 

But the thing most important to consider for its bearing on the theory of 
singular solutions is the degenerate form which the equations (9) take when A/ 

vanishes wherever/ and -^— vanish together. The consideration of this question 

leads also to the general demonstration that T)\sci yn f=. then satisfies the equa- 
tion /= . 

In effecting the transformation of/= into ^ = 0, / was first transformed 
into F by means of the substitutions (2), or (4) and (5). It may readily be shown 

3/ 3 W 

that the same substitutions transform ~r~ into -5— r and A/ into AF. 

oy n dy' n J 
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Second, by means of the substitutions (6) and (7), F — was transformed 

dF 
into <£> (x", v[, «2, . . . . v' n , V) = 0. The corresponding transformations of o— 

and AF are required. 

To obtain them set out with the identity 

F(x>, y',.... y' n ) = X.$ (x", v{, cf, ....<, F), 

where X is an irrelevant factor of the form x' lm vl>vp . . . . vl n V 9 which may be 
common to all the terms of the complete expression in x", v 1: . . . . V into which 
F is transformed by the foregoing substitutions. 

Differentiating the two sides of this identity with respect to each of the 
quantities %,.... v n we get the n identical equations : 

dF Yv x v z v n x" r + n « dF V Vl v 2 v n _ 1 x" r+(n - 1)s 

dy' v>n- P dy[ v n _ p 

dF Vvm v n _ p x" r+(n - p) s 

ty'p Vn-p 

= X dlT~ +ir~^ (* = <>, 1,2,.... n-1). 

KJV n—p vu n —p 

And differentiating with respect to Fand x", the additional equations: 
— n v 11 V"- + "*4_ — 7, m n V"- + («- 1 )*4- 4- ^—r ;r" r — X^L 4- ^ T <fr 

flyl V 1 V Z • • • v nK -T Qyl v l v 2 • • • v n-l x T • • • "T Q I » — JF T JF™ 1 

dF 3F 

^ (r + ns) Vvm .... v n x» r +^- 1 + ^ 

4- 4. ?E r Vx'ir- 1 4- — sx'"- 1 ~X^- + ^<b 
+ dy'J + dx' sx -^ dx" ^ dx" * 



7 (r + ns) Vvio, v n x" r+m - 1 + %~i (r + («— 1)*) VvjV, .... v n _ 1 x" r+ ^- 1) '- 1 



i • .i. , , dF dF dF dF . , 

By solving these equations for g— , , g—? , . . . . g-7 , g-77 and by a series 

of reductions which though somewhat tedious present no difficulties, we obtain the 
expressions which we are seeking, viz: 

dF X rd<p , r 8a i, ^ 



dy' n — Vx" r ld V r ~ dv\ 

AF -x^ls dx 7, -JdV v + fo 1 ( 1 ~ Vl)± dv i v x 



Kio) 



3<£ V 2 — % — %P 3 1 9<j> ?? n -i t?„ — V a _!!?„ -[ . v 

+ dv V % + -'" + dv n ~~~'~ «»-! ""' J-1-^' 



41 
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Yi and Y % are linear functions of the irrelevant expressions o — , pjy, -p—ff • 

dF 
It follows at once from (10) that when F, p—j and AF vanish together (for 

a/' < as well as for x" = 0), the same is true of , ^-p- V — p~ v x and 

x^d^_r_ 30 y 30 _ 30 ^ — q , — mfr 3j> «, — p> — p,p, 

s 3x" s 37 3« a ^ l ' dv 2 Vi dv 3 Vi 

3^n «„_! 

In the light of these results consider the first of the equations of (9). 

Since = 0,^ <7x" + g| ^+ ^ <fo 2 + . . . . + g^d».+ 37^ = ; 
whence 





30 




30 




30 


dV 


dv 1 


dV 


dv n 


37 


dx" 


dv r 


~d$'' 


' ' ' dv n ~~ 


30' 


dx" ~ 


T%>' 




dV 




37 




dV 



The use of these equations and the last (n — 1) equations of (9) gives the 
first equation of this set the form : 



x dx" \dv t Vl dv v )~^^ s >dv VVi dx" Vl * SVl Ldv, Vl 

30 v 2 — v 3 — tfcpg 3^ v n -i— v n — g»-iPn -i 

dv 3 v t -t- • • • • i- ^ ^_ i J, 

or when sv x ( 0-77 -\ pjyV — >p (1 — vA is added to the bracketed terms 

of its right number and at the same time subtracted from the terms without 
the brackets, the form : 

dv[ /30 30 \ /dty 30 \ /x" 30 r 30 , r 

^3^l3^/^-3^ F ) = s ^- 1 )C3^ Vl -37 F ; + C7 3?-7 3T F 

+ 3V 1_ ^ + 3^ ~ ^ ' " + •••• + dv n "~ v n _ x — J' 
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From equations (10) it follows therefore, that in the case before us, this 
equation regarded as a differential equation is illusory. Values can, it is true, 
be found for the v'/s which in an algebraic sense satisfy this and the remaining 
equations. 

From either of the equations o «i — otr- F= 0, or 

xV d$_ LQLw-i- 3 $.n -\ ■ <fo Vi — Vz — Viv* 
s dx" ~~ a dV V± dv x ^ ~ Vl) + dv % v, ' 

a development may be had for v{ in powers of x" and v' z , v^, . . . . v' n . 
Let this value of v[ be substituted in the equation 

ndvj _ Vi — v% — ViVj 
* dx" ~ v x 

when it with the equations still remaining, viz. 

dx" v 2 



„ d< _ v n _i — 1>„ — v n _ l v n 



will form a system, from which series may be obtained for v' t , v[, . . . . v' n in 
powers of x" by the method already described. 

The substitution of these values of v' 2 , v' z , . . . . v' n in the development already 
obtained for v[ will give a series for it also in powers of x". 

But while these series may in an algebraic sense be called the solution of 
the equations (9), they are by no means such in the differential equation sense ; 
no more indeed than the arbitrary function defined by the equation ^ = is a 

solution of the differential equation -# £ = Y% . 

And in the same sense and that only is the series to be gotten for y by the 
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substitution of these values of v{, v' % , . . . . v' n in the equation 

a:' 2 x' n r 

y = Vo + 2/i*' + 2/2 2] + + 2/» ^T + Vv M v n x! n + 7, 



a solution of the given equation /= 0. 

We have thus arrived at a general criterion for singular solutions of the 
differential equation of any degree, which distinguishes them fully from ordinary 
or proper solutions and yet shows their place in the system of proper solutions ; 
a criterion not based on geometrical considerations or assumptions as to the 
character of the curves defined by a differential equation, but based solely and 
directly on the differential equation itself. 

A general equation /= will have no singular solution; for it is a 
necessary condition for the occurrence of such a solution that A/ vanish where- 
ever / and ^~ vanish together, and this imposes limitations on the coefficients 

of/. 

When a singular solution exists, however, it will be met in applying the 
general methods which yield the solutions of/= — usually all proper solutions — 
which belong to a given set of initial elements x , y , . . . . y° n . But in its case 
the first of the set of canonical equations to which /= can be reduced for each 
of these solutions is satisfied not as a differential equation but only through the 
vanishing of factors algebraic in x", v{, . . . . v' n which appear in all its terms. 

§3. 

Let $ (a--, y, c u c 2 , . . . . c m ) = 

be any irreducible function of x, y, c u c % , . . . . e m , one valued with respect to 
x, y for the region within which it is to be considered, and rational with 

respect to c lt c z , . . . . c m , where e lf c % c m satisfy m — n algebraic equations 

^% ( c i i c 2> • • • • c m) = 0,(i=l,....m — n) , but are otherwise arbitrary. 

4> = defines an n-ply infinite system of curves which satisfy a differential 
equation of order n, f{y n , y n -i, . ■ . • y, x) = 0, the eliminant with respect to c lt 
c 2 , .... c m of the m + 1 equations 

dd> „ cFd> d n d) . s 
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As / = depends solely on the manner in which c lt c 2 , . . . . c m are involved 
in <p = and not at all on the character of these quantities, it is obvious that 
^> == will continue to satisfy this equation when c lt c a , . . . . c m are replaced by 
any set of functions of x which satisfy the equations : 



m m 

E — (<h) — ! = V* — f^) ^ = 
dc t W' dx ~ ' Lmj dct \dxj dx ' 



J2& t ( **>€b =0 



Ed / d n -^ \dc t _ 
(Je = 1 , . . . . m — «) 



or the single equation 



A = 



3^ 
3 <&£> 

Scj dx ' 


3<£ 

3c 2 
3 cZ<£> 

3c 3 cfo 


3$ 
' 3c m 
3 <fy 

OC m CvX 


3 rf"- 1 ^ 
3ci dx 11 - 1 ' 

3cj 


3 d re -^ 
3c 2 (faf" 1 ' * 

8c, 


3 ^-^ 
' 3c m dx n ~ x 

3c m 


3^ m -» 


3^m- w 


3^ 



3c! 



3c» 



3c» 



= o. 



The eliminant with respect to c 1( c 8 , . . . . c„ of the m + 1 equations : 



_n #- 



= 0,. 






a differential equation of order n — 1 , 

Z(y»-i, Vn-%, • • • • y, x)=. 0, 

will in general be a singular solution of the equation f{y n , . . . . y,x) = 0. Its 
solution will not be contained in the curve-system which /=0 defines, but it 
will satisfy this equation. 

This is readily proven, as follows. Of the curves $ = there is an (n — 1)- 
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ply infinite system passing through any point x , y , the parameters of which 
satisfy the equations 

$ (x , y , c x c m ) = 0, 4>i (ci, c a , c m ) = 0, (i = 1 m — n). 

Between the parameters c lf c 2 , c M of any curve of this system, and 

the parameters c x + dc lt . . . . c m + dc m of a second curve of the system con- 
secutive to it, there must hold the relation : 

^ ^ (av>,y °'^ Cro) ^ = o.... (1) 

For the two curves to touch at x , y , it is further necessary that 

m 

El( d * ix - ! ' , £ l --°- ) h="---- < 2 > 

And for their contact to be of the order n — 1 , still further that 

V £f a » (a ' y '?'---- \fe,==o.... 

i 

m 

the common y^ y % , . . . . y n - x of the curves being given by the equations 



\dr)~ ' "'••••' U^-i J— u - 



But the eliminant with respect to dc lt dc 2 , . . . . dc m of the equations 
(1) .... (n) and the m — n additional equations 

m 

is A = , it having been supposed in the construction of the differential coeffi- 
cients which constitute the elements of A as in the construction of those involved 
in the present eliminant, that c lt c 3 , . . . . c m are independent of cc. 

It follows immediately that # (y n -i, yn-i, • • • • Iji *) = 0, the eliminant 

„ , d& d n ~ x <3) 

with respect to Cj , c 2 , . . . . c m of the equations <p = 0, -r- = 0, . . . . , n _i = , 
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1^= 0, and A — 0, embodies the relation which must exist among the coordi- 
nates x, y of any point and the values at that point of the y x , y % , . . . . y„_j of such 
consecutive curves of the system ty = as there have contact of the order n — 1 
with each other. 

A curve of the system % = may therefore be described by moving a 
tracing point from x y to x x y\ along an infinitesimal arc of 4> = , a curve of the 
system § = ; thence to x % y % along an infinitesimal arc of the curve fa = 
which has a contact of the order n — 1 with fa = at x y ; thence again to x 3 y s 
along an infinitesimal arc of fa = which has contact of the order n — 1 with 

fa = at xiyi, etc. This curve, since it has the same y 1} y % y n -i with 

^ = at x y and also at the consecutive point x$i , has contact of the n th order 
with fa = at x Q y ; in like manner contact of the n th order with fa = at x x y x , 
etc. It therefore satisfies the equation f{y n , y n -i, • • • • y, ce) = 0. Therefore 

Tlw equation % = contains the envelope system of<j> = , a system of curves each 
of which has at each of its points contact of the n th order with a curve of ty = ; and 
this system satisfies the equation /= 0. 

It should be noticed, however, that # = may contain systems of curves 
besides this envelope system — which do not satisfy the equation /=0; may 
indeed contain such curves only. 

By the hypothesis made at the outset there is a 1 — 1 correspondence 

between the curves of q> = and the systems of values of the parameters 

m, ,. d& d n ~ x <b 

c u c,, c m . The equations <f> = 0, -^ — ~fap=i = > ^ = °> § lve 

c lt c 2 , . . . . c m in terms of cc, y, y x , . . . . y n -x an d therefore determine the sets of 
values of these parameters which belong to that set of the curves <p = which 
pass through any point x , y, and there have given y lt y % , . . . . y n _ 1 . In the general 
case these sets of values are distinct from one another, and so the curves of the 
set are distinct curves. But it may happen that two or more of the sets of values 
are the same. The corresponding curves then cannot be distinct, but must be 
but different branches of one and the same curve. 

For the occurrence of loci of such singular points more conditions must be 
satisfied than there are independent parameters ; 4> must have a special form. 
But when they do occur, they satisfy the equation % = . 

This may be readily seen by regarding e^ c % c m as the coordinates of a 

point in a space of m dimensions S m . 
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<£ = , -t*- = , . . . . -s n -\ = , <4/ { = are then the equations of m forma 

in this space, each of dimensionality rn — 1 , which have in common a finite 
number of points, generally distinct. If, however, two (or more) of these points 
coincide, the corresponding tangent S m Ss of the m forms have a line (Si) in 
common, and the determinant A — whose elements are the coefficients of these 
tangent S m _i's — vanishes ; that is, the condition £ = is satisfied. 

Besides the envelope system, therefore, % = includes the loci of points at which 
curves of the system <p = have the singularity of two curve branches having contact 
of the n — 1 th order with each other, when such loci exist. 

These loci, however, do not satisfy the equation /= 0, and hence constitute 
no part of its singular solution ; for while # = for the singular point itself on 
a curve <p = , this equation will generally not be satisfied for consecutive points 
of the curve, these points not being singular ; or the values of y n for # = and 
q> = o at the singular point are different. 
Princeton College, July 26, 1889. 



